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ABSTRACT

The all-pairs shortest path problem is a classic problem to study
characteristics of the given graphs. Though many efficient all-pairs
shortest path algorithms have been published, it is still a very

expensive computing task, especially with large graph datasets.

In this paper, we propose an efficient parallel all-pairs shortest
path algorithm based on Peng et al.’s fast sequential algorithm on
shared-memory parallel environments to achieve faster and more
efficient calculation for large-scale real-world networks. Peng et

al’s algorithm needs to sort vertices with respect to their degrees.

However, it turns out the original algorithm uses less efficient
sorting method, which is a significant portion of parallel overhead.
Therefore, we also propose an efficient parallel method to sort data
within a fixed range, in order to minimize the parallel overhead in
our parallel algorithm. The optimized efficient sorting method can
be used for general sorting purposes. Our experimental analysis
shows that our proposed parallel algorithm achieves very high
parallel speedup, even hyper-linear speedup, with real-world test
datasets on two different shared-memory multi-core systems.
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1 INTRODUCTION

Finding the shortest paths is one of the most widely studied classic
graph problems, due to its broad applicability to our life. We can
easily find applications related to shortest-path problems in many
domains, such as computer science, transportation research, game
development, and network analysis, to name a few.

Recently, complex network analysis has been studied in many
research area, since many real-world systems can be represented
as complex networks. Furthermore, those graphs are emerging and
are becoming much larger these days. Web-graphs, social network
graphs, scholarly collaboration networks, and biological sequence
interaction networks are some typical examples of the large-scale
complex networks. Finding shortest-paths among the vertices in
these large-scale networks is critical to study the characteristics of
those networks.

Many algorithms have been proposed for solving all-pairs shortest-
path (APSP) problem efficiently since Floyd-Warshall algorithm
published [10]. Among them, the fast APSP algorithm, which was
proposed by Peng et al. [14], is one of the state-of-the-art algorithms.
Its empirical time-complexity is O(n?*), and they also proposed
optimization methods from their basic algorithm based on the scale-
free feature of the large-scale complex graphs [14]. Though the
Peng et al’s algorithm is faster than others, their algorithms are
still implemented in sequential and it is an expensive computing
task, especially with larger graphs.

In this paper, we would like to implement an efficient paral-
lel APSP algorithm based on Peng et al.’s state-of-the-art APSP
algorithm under shared-memory parallel environments. We find
some parallel overhead from our initial parallel algorithm, and we
minimize the overhead to make our proposed parallel algorithm
more efficient. Overall, our proposed parallel APSP algorithm, called
ParAPSP, performs linear speedup with most of the tested datasets,
even hyper-linear speedup in some cases. In addition to high parallel
efficiency, our parallel algorithm provides the exact same outputs
of the Peng et al’s algorithm, which are the precise APSP solutions.

We summarize the main contributions of this paper as follows:

e We propose an efficient parallel APSP algorithm on shared
memory environments.

e We optimize the ordering process in several orders of mag-
nitudes.

e We propose an efficient parallel ordering procedure, which
can be used for general purpose.

e We evaluate the performance of the proposed parallel APSP
solution to show its high efficiency.
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Algorithm 1 Pseudo code for the modified Dijkstra’s algo-
rithm [14]

1: input: Graph G = (V, E), source s, weight matrix L, distance

matrix D, vector flag

2: D[s,s] =0

3: Q =S

4: while Q is not empty do

5.t = DeQueue(Q)

6. if flag[t] =1 then

7: for each vertex v € V do

8

9

if D[s,t] + D[t,v] < D[s,v] then
D[s,v] = D[s,t] + D[t,v]

10: end if

1 end for

12:  else

13: for each edge (¢, v) outgoing from t do
14: if D[s,t] + L[t,v] < D[s,v] then
15: D[s,v] = D[s,t] + L[t,v]

16: Enqueue(Q,v)

17: end if

18: end for

19:  endif

20: end while

21: flag[s] =1

22: output: updated distance matrix D, updated vector flag

The rest of the paper is organized as follows: Section 2 briefly
explains the sequential state-of-the-art algorithm [14]. Section 3
describes processes of parallelizing the basic and optimized algo-
rithms. We discuss the optimization of the descending ordering
steps in Section 4. In Section 5, we present the experimental eval-
uation of the proposed ParAPSP with real-world datasets on two
tested environments. Section 6 discusses the related work of this
paper followed by the conclusion and the future work in Section 7.

2 BACKGROUND

A classic algorithm for solving APSP problem is the Floyd-Warshall
algorithm [10], whose time complexity is O(n?) where n is the
number of vertices. Alternatively, we can find an APSP solution by
applying single-source shortest-path (SSSP) algorithm from each of
the vertices in the graph. There are two well-known algorithms for
solving SSSP: the Bellman-Ford [4] and the Dijkstra’s [8] algorithms.
As the Bellman-Ford algorithm can handle graphs with some nega-
tive weighted edges, the Bellman-Ford algorithm is more versatile
than the Dijkstra’s algorithm. However, the Dijkstra’s algorithm
is faster than the Bellman-Ford algorithm for the same problem,
since the Dijkstra’s algorithm takes O(n?) but Bellman-Ford takes
O(nm), where n is the number of vertices, m is the number of edges,
and n < m most of the real-world graphs.

Many algorithms have been proposed to solve APSP problem
more efficiently [15, 16]. In 2005, Chan [5] published an algorithm,
which can solve APSP problem in time complexity of O(n3/log n).
Peng et al. [14] proposed a fast APSP algorithm by applying dy-
namic programming method to Dijkstra’s algorithm on the APSP
problem. The Peng et al’s algorithm runs the modified Dijkstra’s

Algorithm 2 Basic Algorithm for APSP Problem [14]
1: input: Graph G = (V, E) and Weight matrix L

: for each vertex pair (u,v) do

D[u,v] = o0

: end for

: fori=1tondo

flag[i] = 0

: end for

: fori=1tondo

call the modified Dijkstra’s procedure (Algorithm 1)
using the source of index i

: end for
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: output: distance matrix D

algorithm iteratively with respect to each vertex as a source. The
modified Dijkstra’s algorithm utilizes previously obtained infor-
mation to expedite the search process. Peng et al. showed that
their proposed algorithm works much better for both of the Erdés
and Rényi (ER) random graph model [9] and the scale-free Albert-
Barabasi (AB) network model [2]. Though Peng et al. [14] didn’t
provide a theoretical analysis of the time complexity of their pro-
posed algorithm, they empirically showed that their basic proposed
algorithm performed in O(n?-*) for complex scale-free networks.
Furthermore, they proposed two optimized algorithms, which are
faster than the basic proposed algorithm. In our experiments, the
optimized algorithm shows two to four times faster performance
than the basic algorithm. In this paper, we propose an efficient
parallel APSP algorithm, which is based on Peng et al.’s algorithm,
on shared-memory parallel environments by using OpenMP [7]. In
this section, we briefly introduce the fast algorithm from Peng et
al’s paper [14].

2.1 Sequential Algorithm 1 - Basic Algorithm

Dijkstra’s algorithm is a simple and efficient algorithm based on a
breadth-first search approach to find all shortest paths from a sin-
gle source to all other vertices in a given graph. A naive approach
to finding an APSP solution is to apply Dijkstra’s algorithm on
each vertex iteratively, and it would take O(n?) as its time complex-
ity. Though the naive approach is simple and intuitive, we could
have a better algorithm if we utilize the shortest paths information
obtained in previous iterations.

Peng et al. [14] proposed a modified Dijkstra’s algorithm, which
utilizes the information obtained in the previous iterations in the
middle of the procedure as in Algorithm 1 so that they can directly
use the already known shortest paths information without recal-
culating them. They also proved the correctness of the modified
Dijkstra’s algorithm in their paper. For details of the modified Dijk-
stra’s algorithm, please refer to Peng et al.’s paper [14]. Algorithm 2
illustrates the pseudo-code of the basic algorithm for APSP problem,
which proposed by Peng et al. [14].
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Algorithm 3 Optimized Algorithm for APSP Problem [14]

1: input: Graph G = (V, E), Weight matrix L, and ratio r where
00<r<1.0

. initialize D matrix and flag vector as in Algorithm 2
: fori=1tondo
order[i] =i
: end for
: fori=1torxndo
forj=i+1tondo
if degree[order[j]] > degree[order[i]] then
swap(order([j], order[i])
end if
end for
: end for
: fori=1tondo
call the modified Dijkstra’s procedure (Algorithm 1)
using the source of index order([i]
. end for
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: output: distance matrix D

2.2 Sequential Algorithm 2 - Optimized
Algorithm

Many real-world networks, such as web-graphs, social networks,
and citation networks, are complex networks. Two well-known
properties of the complex networks are so-called “small-world” [18]
and “scale-free” [3]. The scale-free feature means that the degree
distribution of a complex network follows a scale-free power-law
distribution. In other words, very small number of vertices are high-
degree vertices and most of the vertices are low-degree. Therefore,
the connectivity of the network is dominated by those high-degree
vertices.

Since few vertices in a complex graph have a large number of
neighbors, those high-degree vertices could be intermediate ver-
tices of shortest paths of other vertices in high probability. Thus,
if we compute the shortest paths from these high-degree vertices
as early as possible, those computed shortest paths could be used
maximally in the modified Dijkstra’s algorithm as shown in Algo-
rithm 1. Peng et al. proposed the optimized algorithm based on the
scale-free property of the complex networks as mentioned above.
They added a new step, which sorts vertices in descending order
of the degree of each vertex, into the optimized algorithm, and the
optimized algorithm calls the modified Dijkstra’s algorithm with
respect to the sorted order of source vertices. Algorithm 3 illustrates
the optimized APSP algorithm. Refer to the details of the optimized
algorithm in the original paper [14].

They also proposed an adaptive optimization algorithm, which
adapts the order array as iteration goes by giving more priority to
the vertices, which were actually in the middle of shortest paths of
two other vertices. In this paper, however, we have parallelized the
optimized algorithm shown in Algorithm 3 instead of the adaptive
optimized algorithm for two reasons: 1) the performance gain of
the adaptive optimized algorithm compared to the optimized algo-
rithm is relatively small in their experimental analysis, and 2) the
adaptive optimized ordering process is inherently dependent to the

previous iteration so that it results in more complex and inefficient
parallel implementation. You can find the details of the adaptive
optimization algorithm in Peng et al.’s paper [14].

3 PARALLEL APSP ALGORITHMS

In Section 2, we briefly summarize a fast sequential algorithm for
solving APSP problem by Peng et al. [14], and they empirically
showed that the algorithm’s time complexity is O(n?*) based on
their linear regression result. To the best of our knowledge, it is
one of the fastest solutions for the APSP problem.

Though it is a fast algorithm for APSP problem, it still takes very
long as input graph size increases. For instance, it takes several
hours to run the algorithm in sequential for “Flickr” dataset in Ta-
ble 2, as shown in Section 5, so an efficient parallel implementation
of the algorithm is essential to get an APSP solution for bigger data
fastly.

In this paper, we would like to propose an efficient parallel im-
plementation of Peng et al’s APSP algorithm so that we can fully
utilize all of the cores in multi-core systems, which are ubiquitous
in these days, in order to solve the APSP problem in much shorter
time than sequential implementation. In this section, we explain
our design of parallel implementation. We use OpenMP [7] API
for our parallel APSP algorithm under shared-memory parallel
environments.

3.1 Parallel Algorithm 1 - ParAlg1

When we implement a parallel APSP solution based on Peng et al.’s
algorithm, we could consider two parallel design approaches: 1)
implement a parallel version of the modified Dijkstra’s algorithm
in Algorithm 1, and run it iteratively with each vertex in a given
graph as a source; 2) run the modified Dijkstra’s algorithm with
multiple sources at the same time, until all of the vertices are used as
sources of the SSSP solution. For the former approach, we can paral-
lelize Algorithm 1 by running in parallel both of the for-statements
at line 7 and line 13 in Algorithm 1. However, the possible parallel
runs of the second for-statement at line 13 is limited by the degree
of vertex t, which could be very small for the most of the vertices
in complex networks. Furthermore, there could be a race condition
during the enqueuing operation at line 16, so we should handle it by
an appropriate synchronization method, which results in additional
parallel overheads. Thus, we selected the latter approach for our
parallel implementation, since each SSSP run is independent so we
can call multiple SSSP runs in parallel without complex coordina-
tion, and we can achieve high efficiency if we are able to accomplish
good load-balance.

We can parallelize Peng et al.’s basic algorithm in Algorithm 2
by using OpenMP’s parallel-for directives on each for-loops in Al-
gorithm 2. The parallel basic algorithm shows good performance
in terms of parallel speedup/efficiency as shown in Section 5. Here-
after, we named it ParAlg1.

3.2 Parallel Optimized Algorithm - ParAlg2

Though ParAlg1 shows very good parallel speedup, it is based
on basic APSP algorithm of Peng et al. They also proposed the
optimized APSP algorithm which shows better performance than
the basic algorithm, especially on complex networks [14]. In this
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Algorithm 4 Parallelization of the Peng et al’s Optimized Algo-
rithm for APSP Problem - ParAlg2

1: input: Graph G = (V, E), Weight matrix L

2: initialize D matrix and flag vector as in Algorithm 2
3: generate order[] array with vertexIDs w.r.t. the descending
order of degree of vertices.

. #pragma omp parallel for schedule(dynamic, 1)

: fori=1tondo

call the modified Dijkstra’s procedure (Algorithm 1)
using the source of index order([i]

: end for

[ B RSN

9: output: distance matrix D

section, we describe our parallel implementation of Peng et al.’s
optimized APSP algorithm.

The main difference between the basic algorithm and the op-
timized algorithm is the ordering procedure for determining the
order of source vertices, as shown in Algorithm 2 and Algorithm 3.
We need to parallelize for the ordering procedure, which is between
line 6 and line 12 in Algorithm 3. However, this procedure is hard
to parallelize efficiently. For the ordering procedure, they utilize a
selection sort, which makes a loop-carried dependency inherently
between each iteration. For instance, an i-th iteration is depended
on the result of the (i — 1)-th iteration in the ordering procedure
between line 6 and line 12 in Algorithm 3. Therefore, we cannot run
in parallel the ordering procedure without changing the procedure.
Here, we leave the algorithm as used in Peng et al’s original paper,
so the ordering procedure is run in sequential. Note that the time
complexity of the ordering procedure is O(n?), which could be a
significant portion of the parallel overhead. We explore how to
improve the ordering procedure in Section 4.

We can parallelize the iterative Dijkstra’s procedure in the last
for-loop in Algorithm 3 as similar as in ParAlg1 by using a parallel-
for directive in OpenMP. However, the scheduling scheme is much
more critical in parallel optimized APSP solution than in parallel
basic APSP solution, since the order of source vertices of calling
iterative Dijkstra’s algorithm is the key of the optimization.

We experimented the effect of scheduling scheme with a small
graph, ca-HepPh dataset! in SNAP network data repository [13],
which has 12008 vertices and 118521 edges. We tested three differ-
ent scheduling schemes: default (block-partitioning) scheme, static-
cyclic scheme, and dynamic-cyclic scheme. By using schedule clause
of the parallel-for directive, we can specify an appropriate sched-
uling scheme: ‘schedule(static, 1)’ for a static-cyclic scheme, and
‘schedule(dynamic, 1)’ for a dynamic-cyclic scheduling scheme.

Figure 1 shows the parallel performance of the parallel optimized
algorithm on the ca-HepPh dataset with respect to the scheduling
schemes. As shown in Figure 1, static and dynamic cyclic sched-
uling schemes outperform the default block partitioning scheme.
In the optimized APSP algorithm, the execution order of the iter-
ative Dijkstra’s algorithm affects the overall performance signifi-
cantly, so it is predictable that both the static and dynamic cyclic
scheduling schemes work very well. Between dynamic-cyclic and

http://snap.stanford.edu/data/ca- HepPh.html
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Dijkstra's procedure time

—*—dynamic
—>—static, 1

default

Time (sec)

Figure 1: The effect of the scheduling scheme in ParAlg2.
Note that x-axis represents the number of threads.

static-cyclic scheduling schemes, dynamic-cyclic schemes slightly
outperforms static-cyclic scheme. The main difference between
those two scheduling schemes is whether the execution order of
the iterative Dijkstra’s algorithm is exactly same as the order found
by the previous ordering procedure in Algorithm 3 or not. The
dynamic-cyclic scheduling scheme guarantees that the execution
order is same as the order found by the ordering procedure, but the
static-cyclic scheme doesn’t guarantee it though its execution order
would be close to the result of the ordering procedure. Based on the
scheduling execution mentioned above, we decided to use dynamic-
cyclic scheduling scheme in our parallel algorithm. Algorithm 4
describes the parallelized version of the Peng et al’s optimized
APSP algorithm, and we call the algorithm ParAlg2, hereafter.

As shown in Section 5, ParAlg2 much better than ParAlgl. In
our experiment, ParAlg2 is two to four times faster than ParAlgl.
However, ParAlg2 shows less parallel efficiency due to the sequen-
tial ordering procedure for finding the optimized order of source
vertices. In Section 4, we optimize the ordering procedure.

4 OPTIMIZING THE ORDERING PROCEDURE

Despite the significant improvement of the elapsed time compared
to the sequential optimized algorithm, ParAlg2 has an obvious
parallel overhead; the ordering procedure, which is O(n?) time-
complexity, remains in sequential. In this section, we explore vari-
ous methods to find a much more efficient ordering procedure.

By utilizing the simple but critical fact that the maximum degree
of any given graph (G = (V, E)) is limited by a factor of the number
of vertices, where 0 < degree[v] < n,Yv € V, we can use a bucket-
sort based method for the ordering procedure instead of the bubble
sort so that we can reduce the time complexity of the ordering
procedure from O(n?) to O(n).

4.1 Parallel Bucket Ordering Procedure -
ParBuckets

Initially, we assumed that an approximately sorted order would be
good enough to get some benefit of the optimized algorithm. Thus,
we used a bucketing method instead of exact bucket sort by using
a fixed number of buckets. We tested with 100 widths between the
minimum (min) and maximum (max) degrees of the given graph.
Since we used 100 ranges with inclusive minimum and maximum
degree, the exact number of buckets will be 101. For a vertex v, we
can find an index of the appropriate bucket of the vertex v with
respect to the degree of the vertex v (deg(v)), min, and max degree
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Algorithm 5 Parallel Bucket Ordering Procedure - ParBuckets

1: Find max/min degree of the given graph.
. Initialize the list of buckets and corresponding locks.

N}

. #pragma omp parallel for

: fori=1tondo

binNo = findBin(degree[i], max, min) as in (1).
omp_set_lock(&lock[binNo])

add vertex i to bucketList[binNo]
omp_unset_lock(&lock[binNo])

. end for

R A

10: count =1
11: for j =100 to 0 do
12:  for each vertex v € bucketList[j] do

13: order[count] = v
14: count++
15:  end for
16: end for
2 e gl /]|

~ElE- T
~E
-

99

-
-

100

Figure 2: An illustration of the list of buckets

by using a simple equation as in (1):

deg(v) — min

100 X (1)

max — min
This equation returns an integer number that is in the range from
0 to 100 based on a given degree of a vertex.

Figure 2 demonstrates our design of the list of buckets to be used
in parallel bucket ordering procedure. In Algorithm 5, bucketList
represents the list of buckets to store the vertices depending on
their degrees. The bucketList[n] contains vertices that are assigned
to the n-th bucket.

In addition to reducing the time complexity from O(n?) to O(n),
bucket sort eliminates the loop-carried dependency problem, since
each vertex can find its corresponding bucket without regard to
other vertices’ bucket assignment. Therefore, we can try to paral-
lelize the ordering procedure as well.

Since all of the threads can access the shared list of buckets, race-
condition would occur when multiple threads try to add vertices to
the same bucket. Therefore, we used a lock for each bucket to avoid
a possible race condition. When a thread needs to add a vertex to
a bucket, the thread should acquire the lock for the bucket before
adding the vertex, and after the addition of the vertex is done, it
should release the lock for the bucket so other threads can access it.

Table 1: Comparison of the parallel elapsed time of the or-
dering scheme of ParAlg2 and ParBuckets algorithms with
WordNet dataset in Table 2 in milli-seconds.

# of Threads 1 2 4 8 16
ParAlg2 46,847 46,858 46,882 46,851 46,830
parBuckets 10 46 102 132 166
105: TTTT TTTTT TTTTIT \HV:
10 -
S0t \ 4
g E =
o o -
£ 10 E
;
100 Il L Ll LI
10° 10’ 10° 10°*
Degree (d)

Figure 3: The degree distribution of the WordNet graph
in Table 2.

The ordering procedure in Algorithm 4 is replaced with Algo-
rithm 5 in Parallel Bucket Ordering Procedure, hereafter called
ParBuckets. As shown in Table 1, the ParBuckets outperforms the
original sequential ordering procedure used in Algorithm 4 by the
several orders of the magnitude.

4.2 Parallel Maximum Buckets Ordering -
ParMax

Although ParBuckets provides several orders of magnitudes of
the speedup compared to ParAlg2 in the ordering procedure time
as shown in Table 1, it still has some issues we should take care of.
First, the approximated ordering results affect the elapsed time of
the iterative Dijkstra’s calls as in Figure 5. Interestingly, the parallel
performance of ParBuckets ordering runtimes gets worse as the
number of threads increases.

Figure 5 proves that it is critical to find the precise descending
order for getting the maximum benefit of the optimized APSP algo-
rithm, and an approximated descending order by coarse-grained
bucketing is not enough. We also tested with 1000 buckets instead
of 100, and it still shows the performance gap compared to the pre-
cise order result although the gap is reduced. Therefore, we decided
to increase the number of buckets up to the (maximum degree + 1)
of a given graph, which is still limited by the number of vertices.
By setting the number of buckets to the (max + 1), the proposed
bucket sort guarantees to find the exact descending order with
respect to the degrees of vertices in O(n) so we could eliminate the
performance gap due to the approximated ordering output, and we
can find the index of the appropriate bucket without computation
of (1).

The second problem is that the ParBuckets ordering procedure
performs worse as the number of threads increases. We found that
the reason for the problem is the power-law degree distribution of
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Figure 4: The ordering time comparison between ParBuck-
ets and ParMax.

the tested real-world datasets and corresponding significant lock-
contentions in lower buckets, which would actually increase as the
number of threads increases.

Figure 3 describes the degree distribution of WordNet graph
in Table 2, which is available at KONECT? [12] network collection.
As shown in Figure 3, most of the vertices have very low degrees, so
they are assigned to the few lowest buckets. Most of the real-world
graphs, including our tested graphs in Table 2, are scale-free graphs
which follows the power-law degree distribution [2]. Thus, most
of the vertices in real-world graphs are the low-degree vertices so
those vertices are assigned to the same few buckets. This will cause
lots of the lock-contentions, which result in the worse performance
with higher parallelism.

To solve the heavy lock-contention problem, we designed our
parallel bucket sort with two separate for-loops: In the first for-loop,
all of the threads simultaneously assign each scheduled vertex to a
corresponding bucket only if the degree of the vertex is higher than
a threshold. In our test, we set the threshold to 1% of the maximum
degree so if vertices whose degrees are in the higher 99% then those
vertices will be assigned to the corresponding buckets in parallel.
The second for-loop is used to assign the remaining vertices with
the degrees less than the threshold in sequential for the purpose of
avoiding heavy lock-contentions in those lower degree buckets. By
using an additional boolean array, named added, we are able to run
the second for-loop without unnecessary checking of the degrees
of vertices which were already added during the first for-loop.

In the above paragraphs, we described our solution, hereafter
called ParMax, for the problems of ParBuckets. Algorithm 6 illus-
trates the ParMax parallel ordering procedure. As shown in Fig-
ure 4, ParMax performs faster ordering runtime as the number of
threads gets bigger. The ParMax algorithm guarantees to generate a
precise descending order with respect to the degrees of the vertices,
so we expected that the iterative SSSP procedure time would be
similar to the ParAlg2 algorithm, which is shown in Figure 5.

4.3 Parallel Ordering Procedure with Multiple
Lists of Buckets - MultiLists

Though ParMax reduces the overhead of locks significantly com-
pared to the ParBuckets algorithm, it still has only a marginal

2KONECT (the Koblenz Network Collection) at http://konect.uni-koblenz.de/networks/
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Algorithm 6 Parallel Maximum Bucket Ordering Procedure - Par-
Max

1: Find max/min degree of the given graph.

2: Initialize the list of buckets and corresponding locks.

: #pragma omp parallel for

: fori=1tondo

if degree[i] >= max x0.01 then
omp_set_lock(&lock[degree[i]])
add vertex i to bucketList[degree[i]]
omp_unset_lock(&lock[degree[i]])
added([i] = true

10:  endif

11: end for

12: fori=1tondo

13:  if added[i] = false then

R A A

14: add vertex i to bucketList[degree[i]]
15 end if
16: end for

17: count = 1
18: for j = max to 0 do
19:  for each vertex v € bucketList[j] do

20: order[count] = v
21: count++

22:  end for

23: end for

Dijkstra's procedure time(WordNet)

2,048 B ParAlg2

B ParBuckets

ParMax

Time(sec)
N
a
o

128

The number of Threads

Figure 5: The parallel elapsed running time of Dijkstra al-
gorithm part comparison between ParAlg2, ParBuckets, and
ParMax ordering procedures.

speedup in terms of the ordering runtime, as in Figure 4. Most of
the vertices, whose degrees are below the threshold, are assigned
to the corresponding buckets in sequential. In addition, the Par-
Max algorithm requires additional for-loop which adds another
O(n) time-complexity, and the ParMax algorithm might still put
some vertices into the same buckets at the same time in the first
parallel for-loop, so it was still inevitable to use locks for avoiding
race-condition in the first for-loop.

In order to remove those inherent parallel overheads in the Par-
Max algorithm, we propose another ordering algorithm which uti-
lizes multiple lists of buckets, called MultiLists; each thread has its
own list of buckets (bucketList) so that each thread can put vertices
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Algorithm 7 Parallel MultiLists Ordering Procedure - MultiLists

1: Find max/min degree of the given graph.
: Initialize the multiple lists of buckets for all of the threads.

N}

: #pragma omp parallel
threadID = omp_get_num_thread()
#pragma omp for
fori=1tondo
add vertex i to bucketLists[threadID][degree[i]]
end for

A A

9: find corresponding starting position of order[] array for
each bucket and store those positions in orderPos[][] two-
dimensional array.

10: parRatio = 0.1

11: for deg = 0 to max XparRatio do
12:  #pragma omp parallel for

13: for tID = 0 to numThreads do

14: index = orderPos[tID][deg]

15: for v € bucketLists[tID][deg] do
16: order[index++] = v

17: end for

18:  end for

19: end for

20: add higher degree vertices, where degree[j] >= maxxparRatio
for each vertex j, into order{] array in sequential.

into the appropriate buckets in its own bucketList without using
locks. After the local ordering procedure is finished in parallel, we
combine those locally sorted buckets and generate a final global or-
dering result in the order array. The proposed MultiLists ordering
algorithm, we can produce the exact descending degree-order of
the vertices without using locks.

The proposed MultiLists algorithm consists of two phases: the
first phase is a partial ordering part, and the second phase is the
procedure of generating a global order array with descending order
of the degree of vertices from all of the sorted bucketLists. The first
phase can be easily parallelized, since each thread has its own list of
buckets so it can update its local buckets independently. We can also
implement the second phase in parallel with a simple additional
step, which is to calculate the corresponding location of the global
order array for each bucket of all of the bucketLists. The pseudocode
of the MultiLists algorithm is described in Algorithm 7. The first
phase is shown between line 3 and line 9 in Algorithm 7, and the
second phase is depicted between line 10 and line 20.

Note that, in the second phase, we generate the global order array
in parallel only the vertices in the small portion of degrees (here
we used max X 0.1) as shown in Algorithm 7 from line 11 to line 19,
and the higher-degree vertices are added into the order array in
sequential. Two main reasons of our parallel design of the second
phase are as follows: 1) almost 99% of the vertices belong to those
small-degree ranges (0.1 X max), while the remaining 1% of the
vertices are spread within the 90% of overall degrees, 2) so, if we had
parallelized all of the degree ranges, it would have triggered a lot
of false sharing within the broad higher-degree ranges for writing
in the global order array.

Ordering time difference (WordNet)
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Figure 6: The ordering time comparison between ParMax
and MultiLists methods.

Algorithm 8 Proposed Parallel APSP Solution - ParAPSP

1: input: Graph G = (V, E), Weight matrix L, and ratio r where
00<r<1.0

2: initialize D matrix and flag vector as in Algorithm 2

3: find the descending sorted order of vertices w.r.t. the degrees
by the MultiLists ordering procedure in Algorithm 7

. #pragma omp parallel for schedule(dynamic, 1)

: fori=1tondo

call the modified Dijkstra’s procedure (Algorithm 1)
using the source of index order([i]

: end for

® N U

9: output: distance matrix D

Figure 6 describes that the proposed MultiLists ordering algo-
rithm outperforms the ParMax algorithm. The MultiLists algo-
rithm performs better as the number of threads increases, though
the parallel performance gets slightly worse when the number of
threads increases from 8-thread to 16-thread. Since we suspected
that the small number of vertices would be the main reason of the
poor parallel performance of the MultiLists algorithm with higher
parallel units in Figure 6, we tested only the ordering algorithm
part with much larger real-world graph datasets, soc-Pokec® and
soc-LiveJournal1*, from SNAP graph data repository [13]. soc-Pokec
and soc-LiveJournall have about 1.6 million and 4.8 million ver-
tices, correspondingly. In the ordering test with a larger number of
vertices, MultiLists shows the better performance with the more
number of threads. Note that the proposed parallel MultiLists or-
dering algorithm can be used in general parallel sorting problem
when keys are in limited ranges.

Our proposed parallel APSP solution, which is named ParAPSP,
is shown in Algorithm 8. Our proposed parallel algorithm achieves
high efficiency and even hyper-linear efficiency in some cases, as
shown in Section 5.

5 EXPERIMENTAL ANALYSIS

In this section, we evaluate the parallel performance of our proposed
parallel algorithm, ParAPSP. Since Peng et al. haven’t provided

Shttp://snap.stanford.edu/data/soc-pokec.html
*http://snap.stanford.edu/data/soc-LiveJournall.html
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Table 2: Salient information of tested real-world graph
datasets.

Name Type Vertex Edge

ego-Twitter Directed 81,306 1,768,149
Livemocha  Undirected 104,103 2,193,083
Flickr Undirected 105,938 2,316,948
WordNet Undirected 146,005 656,999
sx-superuser Directed 194,085 1,443,339

the source code of their state-of-the-art fast APSP algorithm, we
have implemented our own version of their algorithms based on
the paper [14]. We found that the APSP solution of our proposed
ParAPSP algorithm is exactly same as the output of sequential
runs, so we focus on how efficiently we can find the same solution
by our proposed parallel algorithm in our tested shared-memory
parallel environments. Our results in this section show that the
proposed algorithm achieves almost linear speedup, with some
datasets even hyper-linear speedup.

5.1 Experimental Environment

Datasets. In order to evaluate the parallel performance of our
proposed parallel algorithm, we used various real-world graphs.
Table 2 shows the salient information of the tested graph datasets
in our paper, you can find the details of those graph datasets from
SNAP [13] large network dataset collection® and KONECT [12]
network collection website®. Note that we are working on shared-
memory parallel environments and the APSP algorithm requires
O(n?) memory space to store the all-pairs shortest-path result, so
we are limited to choose experimental datasets with respect to the
available main memory size in our tested environments.

Test Machines. We have used two shared-memory multicore sys-
tems to perform our parallel experiments with the proposed al-
gorithms. Machine-I has dual Intel Xeon E5-2670 eight-core pro-
cessors (total 16 cores) with 2.6 GHz and 20MB of cache memory
and 128 GB of main memory. Machine-II has quad Intel Xeon
E5-4640 eight-core processors (total 32 cores) with 2.4 GHz and
20MB of cache memory and 256 GB of main memory. The operating
system for both Machine-I and Machine-II is CentOS version 6.
Although the CPUs in both test machines support hyper-threading
technology, we disabled the hyper-threading option in our experi-
mental analysis. Note that the experimental results in this section
are based on the average of 10 runs of each test, unless we specially
mention about the test specification.

5.2 Basic APSP algorithm vs. Optimized APSP
Algorithm

First, we compare our two parallel versions of the two original APSP
algorithms proposed by Peng et al. Figure 7 shows the elapsed par-
allel runtimes of the ParAlg1 and the ParAlg2 algorithms with
Flickr dataset in Table 2 with respect to the number of threads
on the Machine-I. Note that the y-axis of Figure 7 is log-scale.

Shttp://snap.stanford.edu/data/
Shttp://konect.uni-koblenz.de/networks/
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Figure 7: The comparison of the parallel elapsed running
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Figure 8: The overall elapsed running time of ParAlg1, Par-
Alg2, and the proposed ParAPSP algorithms.

Although we present the experimental results with Flickr dataset
due to the duplicity of the graphs, all of the experimental results
with other tested datasets show the same pattern of Figure 7. Both
algorithms show linear speedup, such that the runtime is reduced
as a half as the number of threads doubles in Figure 7. In the com-
parison of ParAlgl and ParAlg2, ParAlg2 is almost twice faster than
ParAlg1 with all the number of threads as shown in Figure 7. For
over all of the test datasets, ParAlg2 always outperforms ParAlgl
and it shows two to four times more efficient than ParAlgl.

5.3 Optimized Parallel Ordering Procedure

Though ParAlg2 outperforms ParAlg1 by two to four factors of
the overall elapsed runtime, the inherent sequential portion of the
ordering procedure, which takes O(n?) time-complexity, in the Par-
Alg2 algorithm was a significant parallel overhead. For example,
the original sequential ordering procedure took about 45 seconds
when we ran ParAlg2 with WordNet dataset on Machine-I. While
45 seconds out of 1300 seconds, which is the elapsed runtime of
1-thread runs with ParAlg2, sounds insignificant, 45 seconds out of
122 seconds by 16-thread runs is more than one-third of the over-
all elapsed runtime, which drops down the parallel efficiency as
shown in Figure 9. In order to improve the parallel efficiency of Par-
Alg2, we had investigated how to optimize the ordering procedure
in Section 4, and we proposed the MultiLists ordering procedure,
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Figure 9: The parallel speedup comparison among ParAlg]1,
ParAlg2, and the proposed ParAPSP algorithms.

which makes a significant improvement of the overall ordering per-
formance in parallel. Our proposed parallel APSP solution, which
includes the MultiLists algorithm, is ParAPSP.

The overall elapsed runtimes of ParAlg1, ParAlg2, and our pro-
posed ParAPSP, which are tested with WordNet dataset on Machine-
I, are represented in Figure 8. Figure 8 clearly illustrates the benefit
of the optimized ordering procedure. As same as in Section 5.2,
ParAlg2 and ParAPSP outperforms ParAlgl due to the optimiza-
tion of the descending degree order. When we compare ParAPSP
with ParAlg2 in Figure 8, it shows an interesting feature: ParAPSP
shows slightly better performance than ParAlg2 in 1-thread experi-
ments, and the performance gap between ParAPSP and ParAlg2 gets
bigger as the number of threads increases. Though we discussed the
experimental results with WordNet dataset as an exemplary case
in this section, our experimental results with other datasets also
showed the similar performance patterns as in Figure 8.

Figure 9 shows the parallel speedup of ParAlgl, ParAlg2, and
ParAPSP tested with WordNet dataset, which is based on the elapsed
runtimes in Figure 8. Though the ParAlg2 algorithm performs better
than the ParAlg1 algorithm in terms of the actual runtimes, Par-
Alg2 shows less speedup than ParAlg1 due to its sequential order
procedure. Our proposed ParAPSP algorithm removes the parallel
overhead in ParAlg2 and achieves even hyper-linear speedup as
shown in Figure 9.

5.4 Overall Parallel Performance of ParAPSP

In Section 5.2 and Section 5.3, we discussed parallel performance
with respect to the ParAlgl, ParAlg2, and the proposed ParAPSP
algorithms, and our experimental analysis shows ParAPSP outper-
forms ParAlg1 and ParAlg2. In this section, we would like to show
the overall parallel performance of our proposed ParAPSP algo-
rithm with test datasets in Table 2 on two different shared-memory
parallel environments, Machine-I and Machine-II.

Figure 10 consists of (a) the parallel elapsed time of ParAPSP
with tested datasets and (b) the corresponding parallel speedup.
Note that sx-superuser dataset is experimented on Machine-II up
to 32 threads, since the required memory size for the dataset is at
least 160 GB. Other datasets are experimented on Machine-I up to

16 threads. As shown in Figure 10, the ParAPSP algorithm shows
almost linear speedup or even hyper-linear speedup, with tested
datasets, interestingly.

We conjecture that the dynamic programming approach of the
ParAPSP algorithm would be the reason for the hyper-linear speedup
of our proposed algorithm. As shown in Algorithm 1, the modified
Dijkstra’s algorithm, which was proposed by Peng et al. [14], uses
the shortest path results that are computed in previous iterations
as in dynamic programming methods. The reuse of known short-
est path information in the middle of Dijkstra’s procedure is the
key idea to reduce the unnecessary recalculating shortest paths
from intermediate vertices for the APSP problem. The benefit of
the modified Dijkstra’s algorithm can be expedited by parallelism,
since parallel runs of modified Dijkstra’s algorithm produce much
more available SSSP outputs in the same amount of time, which
results in the faster runtime of the modified Dijkstra’s algorithm.

Overall, the ParAPSP algorithm achieves exceptional parallel
performance as shown in Figure 10 with respect to all of the tested
real-world datasets in Table 2 on both of our tested environments.

6 RELATED WORK

Since classical shortest path algorithms proposed in late 1950’s and
early 1960’s [4, 8, 10], there have been many attempts to improve
the classic shortest path algorithms for both SSSP or APSP problems.
Some of the APSP algorithms actually improved the time complexity
from O(n®) to O(n®/ log n) [5] or to O(n®*) [14]. Though these were
significant improvements, it still computationally expensive when
we run those algorithms with large real-world datasets. Therefore,
many parallel algorithms have been proposed to reduce further the
overall runtime.

In 2008, Tang et al. [17] proposed a parallel SSSP algorithm is
based on Dijkstra’s algorithm. Their algorithm consists of two
phases: graph partitioning phase and iterative correcting phase. Af-
ter partitioning an input graph, each sub-graph is assigned to one of
the parallel units, and, in the iterative correcting phase, computation
step and communication step are processed interchangeably until
there is no communication necessary. Their algorithm achieved
more than a 15-fold speedup with 16 processors.

Similarly, Abdelghany et al. [1] also presented a paralle]l APSP
algorithm, which is based on network decomposition and correcting
mechanism. Although it has some gain of a parallel implementation,
the overall parallel efficiency is not significant.

Katz and Kider Jr [11] proposed a shared-memory cache-efficient
GPU based parallel APSP algorithm based on the Floyd-Warshall
algorithm. This algorithm is implemented in CUDA API [6] for
utilizing GPU. This approach also partitions the matrix that holds
the graph into sub-matrices. It loads some necessary blocks into
GPU memory and processes it using the Floyd-Warshall algorithm
and returns the result to global memory. Though their proposed
algorithm achieves good parallel performance, its time complexity
is still O(n?). In addition, the limited size of memory on GPU could
affect its parallel performance when it runs with very large graphs,
although their algorithm could handle large graphs, which requires
larger memory than GPU’s on-board memory as shown in their

paper.
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Figure 10: Parallel elapsed time and speedup of the proposed ParAPSP algorithm with the tested datasets in Table 2 on Machine-
I and Machine-II. sx-superuser dataset was run on Machine-II and other datasets were run on Machine-I.

In contrast, our proposed parallel algorithm does not require
extra partitioning steps. ParAPSP is based on the modified Dijk-
stra’s algorithm, proposed in Peng et al.’s paper [14], which uses
a simple and efficient idea by saving and loading the previously
calculated shortest paths. Its time complexity is shown as O(n?-%)
empirically [14]. Furthermore, we optimize the ordering scheme, so
the proposed parallel algorithm achieves even hyper-linear speedup
in our experiments.

7 CONCLUSION AND FUTURE WORK

In this paper, we propose an efficient shared-memory parallel all-
pairs shortest path (APSP) algorithm based on the state-of-the-art
sequential APSP algorithm [14], which is practically in O(n?-4) time-
complexity and further optimized algorithms were also proposed.

Preliminarily, we parallelized Peng et al.’s basic and optimized
APSP algorithms, as in ParAlgl and ParAlg2. Although ParAlg2
showed good parallel performance, it still had an intrinsic sequen-
tial overhead of the ordering procedure. Therefore, in this paper,
we implement an optimized parallel ordering algorithm based on
bucket-sort like approach, called MultiLists. The MultiLists order-
ing procedure significantly reduces the parallel overhead by several
orders of magnitudes, and we propose ParAPSP algorithm by ap-
plying the MultiLists ordering procedure to the ParAlg2 algorithm.

The experimental analysis shows that our proposed algorithm
is very efficient in parallel with various real-world graphs on two
shared-memory parallel environments. The ParAPSP algorithm
achieves even hyper-linear speedup in our experimental analysis
due to the removal of the significant parallel overhead from the
ordering procedure and the expedited benefits of the dynamic pro-
gramming approach in the modified Dijkstra’s algorithm by the
parallel execution of it.

In future work, we would like to extend the ParAPSP algorithm
on distributed-memory parallel environments so that we could find
APSP solutions for much larger graphs, which cannot be handled
on a commodity single machine.
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