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Bose-Einstein condensation in variable dimensionality
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We introduce dimensional perturbation techniques to Bose-Einstein condensation of inhomogeneous alkali-
metal gases. The perturbation parametefsisl/x, where x depends on the effective dimensionality of the
condensate and on the angular momentum quantum number. We derive a simple approximation that is more
accurate and flexible than tie— o Thomas-Fermi ground-state approximation of the Gross-Pitaevskii equa-
tion. The approximation presented here is well suited for calculating properties of states in three dimensions
and in low-effective dimensionality, such as vortex states in a highly anisotropic trap.
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[. INTRODUCTION traps used in many laboratories where the condensate can be
effectively one, two, or three dimensional. The perturbation
The most commonly used approach to describe a dilutparameter iss=1/kx, where x depends on the effective di-
gas of atoms in a Bose-Einstein condengBteC) atT=0is  mensionality of the condensate and on the angular momen-
mean-field theory, which takes the form of the time-tum quantum number. Thé—0 limit becomes an exactly
independent Gross-Pitaevskii equati@PB soluble problem, the solution of which is used by the various
dimensional-scaling methods as the starting point for the so-
lution of the full three-dimensional problef®—11]. The
- %sz/;(r)Jrvtrap(r)z//(r)jL NUg|gr(r)|4p(r) = pap(r), 6— 0 approximation to the condensate density, which retains
) part of the kinetic energy, is quite accurate for both a large
and moderate number of atoms in the BEC ground state, and
where the three-dimensional coupling constant Us  the dimensional-scaling formalism, which treats the dimen-
=(4mh?a)/m, a is the swave scattering lengthV,, is  sionality as a parameter, is advantageous when studying con-
the external trapping potentigl, is the chemical potential, densates of low-effective dimensionality due to extreme trap
andN is the number of condensate atoms. The complex ordesnisotropy. The centrifugal term in th&—0 density also
parametery(r) is referred to as “the wave function of the makes it a good physical starting point for treating vortex
condensate.” states.
The N— o Thomas-Fermi approximatiofTFA) has been
proven to be a highly successful analytical approximation of ||. N— « THOMAS-FERMI APPROXIMATION TO THE
the GPHE[1,2]. The strength of th&l— o~ TFA is its simplic- GROUND STATE
ity: neglecting the kinetic energy results in a simple approxi- - ) o
mation of the ground-state condensate density that is effec- In the case of positive scattering length, the repulsive in-
condensates with a moderate number of atoms and condefifergy of the condensate becomes negligible inNheo
sates with attractive interactions, the TFA breaks down. Théimit. This limit of the GPE results in the highly successful
kinetic energy is important in each case, especially in th&lassical approximation for the density of the condensate
latter, where the kinetic energy is necessary to prevent codround state known as the Thomas-Fermi approximation
lapse. The effects of attractive interactions have been studiddN—> TFA). TheN— ¢ TFA for the ground state in a three-
using approximation techniques such as variational triafimensional isotropic trap isl,2]
wave functiongd3-5]. Other approximations that have been
employed to extend the TF regime of validity include the
fi—0 TFA[6], a method that uses two-point Paalgproxi-
mants between the weakly and strongly interacting limits of
the ground statf7], and a variational method for anisotropic for sre=3mMw?r? andprr=0 elsewhere. Equatiof2) pro-
condensatef3]. vides an excellent description of the condensate ground-state
With the study of BEC in highly anisotropic traps as a density in the bulk interior. This approximation breaks down
motivation, we use a perturbation formalism that permits theéhear the surface of the gas where the density is not flat; the
effective dimensionalityD to vary. Because it readily allows wave function must vanish smoothly, making the kinetic en-
one to approximate quantities in any dimension, such a forergy appreciable in the boundary layer. The chemical poten-

malism is ideally suited for condensates in the anisotropidial is obtained from continuity and normalization of Eg).
In oscillator units, one finds
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whereR= (15N a/ay,)'® is the Thomas-Fermi classical cut- sions(Bohn, Esry, and Greer{d 8] and Watson and McKin-

off radius in oscillator units of length;,,= v/ mw. ney [19] treat the Laplacian in a similar fashion, in which
Boundary layer theory techniques have been employed tthey use hyperspherical coordinates to define a mean con-

obtain corrections to th&l—c TFA at the condensate sur- densate radiys and the potential terms retain their three-

face where the gradient of the density is no longer smalflimensional form; the coupling constant is generalized in the

[13—15. The leading order correction to the ground-statefinal scaling. We obtain the Schiimger equation

chemical potential due to the boundary layer at the surface is

of orderR™*In(R). A2l 1 o oo a0\ Lol 1,
—_ ] — R — + + —
2m| (D-1 gr ' ar r2 me '
Il. EFFECTIVE DIMENSIONALITY
We use a perturbation formalism where the effective di- +NU3|¢(r)|2} Y(r)=pis(r), (5)
mensionalityD of the condensate is allowed to vary. The

effective dimensionality of the condensate depends on the 5 )

relative size of the confinement length in each of the thregvhereLp_, is a generalized angular momentum operator
spatial dimensions. Most experimentally realized traps arélepending onD-1 angles with eigenvalues | (D +1-2)
axially symmetric, with some having a high degree of anisot{20]; the angular momentum quantum numbeis non-

ropy [16,17. In the case of axial symmetry, the trapping Negative. Substituting these eigenvalues and introducing the
potential takes the fOFm.Vtrap(f)Z%mwfrf+%mw522 radial Jacobian factor in a transformation of the wave-

= 1mw?(r2 + 1222, whereA =w,/w, is a measure of the function d(r)=rC~D2y(r) to eliminate the first derivative

degree of anisotropy. The system reduces to a thred€'ms, we find

dimensional isotropic condensate far=1. In the small- 220 22 (D—1)(D—3) |(D+]-2 1
(largey N limits, the system reduces to an effective one- | _ 5_2 (D )(2 —3 _1b+l-2) + = mw?r?
(two-)dimensional isotropic condensate. It is conceivable 2m| ar ar r2 2

that an isotropic Hamiltonian in a fractional-dimensional

space could be used to describe experimental condensates for 5 B

intervening values ok, but we will focus our attention on +NU3|g(r)|* 1 p(r)=p(r). (6)
integer dimensions.

As an iIIustration, COﬂSid@(>1, where the motion of the Fina"y, we make two sets of Sca”ngs to arrive at the
atoms in thez direction 'becomes frozgn and their mot'ion IS NLSE in dimensionally scaled oscillator units. The first scal-
descr!bed b_y a Gaussian (_)f small Wldth. To determine th‘?ng is a purely dimensional scaling= «% 3w,
two-dimensional(2D) effective coupling constant, we as- ~, ~ " b _ . S
sume the wave function in Eq(l) is separabley(r) ~ “# and l/'_." ¥, Wh?reK_D“LZI' The final scaling is
= (1, ) x(2), wherey(2) is assumed to be a Gaussian, andto scaled oscillator unitfdenoted by bais r=anp,r, w
operating withf dzy*, one finds an effective 2D GPE =houw, and y=a’'%y, where a,,=\Vi/Mmw. Combining

these two scalings, we arrive at

, W=K

1

_ﬁV§+§mw§r2+N2U3|lﬂz|2 o= pathr, (4 1, # 1-45+38° 1, — | _

—59 =tz T +0pl¥(n)]* (1)
which has the same form as E@), butr is the 2D radius,
w,=w,, my=p—hwl2, Ny=Nfdzx|* Requiring that — (D) %)
W, and xy be normalized to unity/dzx|* has units of ’
1/length; thus, we interprél, as the number of atoms in the where everything is now in dimensionally scaled oscillator
2D condensate per unit length along thexis. In our sub-  ynits and&=1/«. For the effective dimensions of primary
sequent scalings, we will adopt a notation for the number ofnterest in this paper, the dimensionally scaled coupling con-
atoms that is similar to that of Jacks@t al. [12]. For N giants are. for 3Dg,=gs/ <52 wheregs=4mNsa/a;, and
<1, one may assume the motion in the radial direction in the_, . ' ' _ °
xy plane is described by a Gaussian of small widtfy,, ), 3 '7 t2he Eumber_ gf ﬁondenjate atoms; andh for @Qb
and, following the same procedure, one obtains a 1D equangz Ko W ekr]egz— ™ czia andi, repre_sTnts the lnum ﬁr
tion analogous to Eq(4), where N; would represent the of atoms in the 2D condensate per unit length alongzhe

number of atoms in the 1D condensate per unit area inyhe gfsthe definition oN, makesg, dimensionless. For gen-
plane. ;

— 47Npa
IV. GPE IN VARIABLE DIMENSIONALITY gD:K(DT/ZaEJZ’ (8
We begin by explicitly generalizing the nonlinear Schro
dinger equationNLSE) Eq. (1), to D dimensions where  making Eq.(7) valid for describing condensates in any ef-
becomes the radius of @-dimensional sphere witB-1 re-  fective dimension. In the next section, we describe a simple
maining angles. The Laplacian is generalizedDtalimen-  and accurate zeroth-order approximation to &9.
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V. ZEROTH-ORDER DENSITY Y — 1
: . RA(m)=p—\/n?— 7
It has been pointed out by Schuck and 4f6] that the o(W=n 4°
true TF limit (A—0 as originally applied to the case of
Fermi statistic§21]) is not equivalent tdN—o, and they - - — —, 1
show that théi—0 TF limit for bosons does not neglect the Rmad ) =t \[ #°= 7. (12)

kinetic energy for the ground state. The—~o TFA to the
ground state is too harsh on the kinetic energy for a moderatg, regular oscillator unitsd,),
number of atoms. A less harsh and nearly as simple approxi-

mation is the zeroth-orde(—0) approximation of Eq(7). 5 5 K>

Unlike the ground-stat®l—o TFA, which neglects the en- Ro(m)=pn—\/pn°— 7

tire kinetic energy, our zeroth-order approximation of the

generalized GPE neglects the derivative part of the kinetic 2

energy but retains a centrifugal term. For vortex states, one Rﬁqag(,u)=,u+ \ /M2— T (12)

understands this term as being a centrifugal barrier due to

quantized circulation, which pushes atoms away from th(?\Iotice for the ground state in the strongly interacting regime

is of rotation. Thi trifugal i ises f th - "
z)éfsgtéopﬁ;s)gv S| ;S(;T&%Z%a V\?ﬁer:f; ?s“fr?es c?rzzeniaign that u>1 and the cutoff radii 1;or the ground state become
density andS is the spatially dependent condensate phase’;\lﬂlo_O -I_-tF'I'ke: RO_MOI af:?#::]sﬁali; T_he_tstr(f)ngly mterz::t-
then the condensate velocity is givenby #/mV S). For the 'n% imit, or, gqutlya en |3|/ —t> tllml ! OOO T(l):l/i\r zeroth-
ground state, this centrifugal term in the zeroth-order densit%r ?r dalr;profxlr.?a,\llon co_l]agsesh 0 lat ' atsh exé
has an alternate, quantum-mechanical interpretation, whic ected(For finite N, as will be shown later, our zeroth-order

helps explain its good agreement with numerical Calcula_approximation gives better agreement with the numerical so-

tions. We discuss this interpretation in Sec. VI. lution of the GPE than thél < TFA.) Using the integra-

The §—0 limit of the angular-dimensional perturbation tion limits defined in Eq.(11), along with the condensate

parameter in Eq(7) results in the following zeroth-order density defined in _chg)' the normalization conc_Jitio(lEq. .
density in scaled oscillator units: 10) gives an equation for the zeroth-order chemical potential

that is easily solved in any dimensioigee Sec. VII, where
this procedure is illustrated for two dimensions.

(r_)=|E|2=i - L_Er—z 9) Once the chemical potential is calculated, it is then used
P ED ® gr2 2 |’ in Eq. (9) to complete the description of the zeroth-order
wave function. One can then calculate the energy from
for ﬁo(;) sr_sﬁmag(;) and p=0 elsewhere. The normal- 72 1 dp
ization condition becomes E/N:f d°r %|Vw|2+ Emwzrzz//2+ 711/4
Emaﬁ;) o o :Ekin/N+Eh0/N+ Eint/N1 (13)
QD) [ drrP Y yl?=1, (10)
Ro(#) or in the zeroth-order approximation and scaled oscillator
units,

where Q(D)=2#P?T'(D/2). The 6—0 limit can be

thought of as a larg® or large-I limit. E/N~Q(D)
Equation(9) is valid where the density is non-negative. In

addition to theN— <o TF-like classical cutoff radius near the

surfaceR,,,, the centrifugal term requires that another cut- ~Eyin/N+Eno/N+Ejn/N. (14)

off be definedR,, slightly removed from the origin, to sat-
isfy the requirement that the density be non-negative. In VI. GROUND STATE IN THREE DIMENSIONS
terms of the chemical potential, the cutoff radii in scaled
oscillator units are defined as

Emax(;)_D_l 1 ) 1—2—2 ED—4
__r dr| =¢“+ =r + —
Ro(4) isﬂw VY

The numerical effect of the centrifugal-like term in the
zeroth-order approximation on the ground state of a station-
ary condensate is clear from Fig. 1, where we compare the
IAs the GPE is nonlinear, one cannot treat excltetates(vorti- numerical solution O.f th‘? GPE chemical potential with our
ceg for D>2 radially symmetric traps in the usual manner of Sepa_zeroth-grder appro>.<|mat|on a_nd thé—co TFA for up to

10000 8’Rb atoms in a spherical trap. Our zeroth-order ap-

rating the wave function into radial and angular parts. Presently; - A
however, vortices in 3D radially symmetric traps are not realized Proximation is more accurate than the—c TFA for all N,

\ortex states in a 2D isotropic trap do not pose a problem to theoryNOSt notably for a moderate number of atoms. The accuracy
because the spherical harmonic wave function acts as a phase f2f the zeroth-order approximation is comparable to boundary
tor. In 1D, the spherical harmonic wave function is a constant andlayer corrections: the zeroth-order approximation is slightly
since there are no angles, one can think=eD andl=1 as even more accurate for a smaller coupling constant, while the
and odd parity states. boundary layer theory is slightly more accurate for a larger
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FIG. 1. Chemical potential in
oscillator units vs nhumber of con-
densate atoms for ¥Rb conden-
sate in a 3D isotropic trap, where
a=100 bohr and »=200 Hz.
The zeroth-order §—0) approxi-
mation of dimensional perturba-
tion theory presented here
(dashed is in better agreement
with the numerical solution of the
GPE (solid) than the N—o

Chemical potential (osc. units)

3| , —— numerical i Thomas-Fermi approximation
; = Noe (dash dot
: --38-0
2 ; -
’
!
1 1 1 1 1 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Number of condensate atoms

coupling constant, but the difference between all three apa centrifugal term from the kinetic energy, which pushes the
proximations becomes small for a very large couplingwave function away from the origin in the ground state as if
constant. there were a nonzero quantum of angular momentum; how-
The correct physical interpretation of this centrifugal-like ever, the 17> contribution to the ground-state density of a
term, as originally noted by Chatterj¢22], is that it is the  nonrotating cloud clearly is not due to any rotational motion
component of the kinetic energy needed to satisfy the miniof the cloud. This effect, which becomes less pronounced as
mum uncertainty principle. The zeroth-order density includeN increases, is demonstrated in Figs. 2 and 3, which show

01 T T T T T T T T T
________ —— numerical
P == ~—— — N>
0.09 I i N - -850 [
| R
| AN FIG. 2. Ground-state wave
0081 N ] functions @,  non-Jacobian
: \Q\ weighted for a ®Rb condensate
0.07| | ‘\\ . of 10000 atoms in a 3D isotropic
I \\\ trap, wherea=100 bohr andv
0,06 I N\ | =200 Hz. These parameters cor-
5 : N respond to g;~872.04. Plotted
B | N\ are the numerical solution of the
20057 '\\\ 7 GPE (solid), the N—o Thomas-
& ! \ Fermi approximation(dash dox
2 | A\ ) )
0.04} : W\ - and our .zeroth order&—0) ap
| Y proximation(dashed Our zeroth-
003k I \ ) order approximation contains an
| \ unphysical core near the origin,
' v but the added kinetic energy,
0.02 : ‘.\\ 7 which causes the core to appear, is
I ‘.\ also responsible for the increased
001k I \i\| 4 accuracy seen in Fig. 1.
I
I [
0 L1 1 1 1 1 1 1 EI 1 I
0 0.5 1 1.5 2 25 3 35 4 45 5 5.5

radius (osc. units)
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0.025 T T T T T T T T

T
—— numerical
—. N>
- -8-0

0.02

FIG. 3. Same as Fig. 2 but
with 10° atoms, corresponding to
g3~87 204. As the number of at-
oms increases, the unphysical core
in our zeroth-order wave function
shrinks. Near the origin, thé\
—o TF and numerically calcu-
lated wave functions overlap,
. while the N—« TF and our
zeroth-order wave function over-
\ lap in the boundary region. For
sufficiently large N, the three
wave functions become indistin-
guishable.

0.015

wave function

0.01[

0.005

0 1 1 | 1 1 1 1 | 1 1
0 1 2 3 4 5 6 7 8 9 10 11
radius (osc. units)

the numerically calculated GPE ground-state non-Jacobiafor a moderate number of atoms, greatly improves the

weighted wave function) along with our zeroth-order ap- ground-state approximatioh=0) over theN—o TFA. For

proximation and théN—o TFA. a very large number of atoms, the contribution from the ki-
The centrifugal-like term in the lowest order of netic energy becomes very small, as can be seen by compar-

dimensional-perturbation theons{0) can be understood ing the wave functions in Figs. 2 and 3, fir=10* and 16

as arising from the requirement that the system’s uncertaint§’Rb atoms, respectively. As the number of atoms increases,

product be a minimun22]. Another way to see how a cen- our unphysical core becomes smaller than the healing length,

trifugal term may arise in the ground state—this time withineventually vanishing: our zeroth order and tNe-« TF

the N—o TFA—is by applying the Langer modification of wave functions become indistinguishable from the numerical

WKB theory to theN— o TF density. For vortices, one may solution for largeN.

not neglect the entire kinetic energy in the—co limit. A

slightly more generaN—c TF density than Eq(2) that
includes vortices is VIl. LOWER DIMENSION

22 The 6—0 density[Eq. (9)] is well suited for describing

_ 2:L _ﬁ__ 1 2,2 15 condensates in the presence of a vortex, where the centrifu-
pre(r) =yl MTE 2 mo<r|. (15 . . :

NU; 2mr?2 2 gal term models the vortex cofsee Fig. 4 In this section,

_ ) . we present explicit expressions for tlle=2 ground state
For a spherical trap.“=1(I+ 1), which reduces to the usual and vortex states. In the angular-dimensional scaling of the
grou_n_d statéN—o TF density forl =0, but using the Langer GPE, one has considerable freedom in the choice of the scal-

modification, where the correct asymptotic phase of thang parameters=1/«. In the previous section, we used

WKB wave function is obtained by the replacemdift =D+2l or, for the ground statex=D. The choicex=D
+1)—(1+1/2)* in the centrifugal potential, a centrifugal +2/—2 exactly reduces our expressions below for the

barrier remains in the ground state chemical potential and energy to a two-dimensioNah «
. 42 1 TFA that includes the leading contribution to the kinetic en-

2_ _ L2 ergy due to fluid motion of the condensdt23]. Slightly
pre(r) =¥ NUs | “TF gmez 2m " ) (16) improved agreement of the zeroth-order energy with the nu-

merical solution of the 2D GPE for a wide range of the
The dependence of our perturbation parameter on the amean-field coupling constant can be obtained by choosing
gular momentum quantum number suggests that the zerotk—=D + 2| — 1, which changes the numerator in the centrifu-
order density will be a good physical starting point for vortexgal term of Eq(7) to 1— 6%. Zeroth order predictions show a
states, which we explore in the next section Bb+=2. The small amount of variability with the choice o, but the
remaining centrifugal term in our zeroth-order approxima-results of higher-order perturbation theory should not depend
tion is a lowest-order correction to the kinetic energy, which,on the particular choice of.
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0.06 T T T T T I
—— numerical
- -3-0
0.05 -
0.04r) 7 FIG. 4. Comparison of the
! condensate wave function i(
5 ' non-Jacobian weightedvith an|
g : =1 vortex in a 2D isotropic trap
2003p T with g,=10000. The solid line is
§ I the numerical solution of the GPE
| and the dashed line is our zeroth-
J' order (6—0) wave function,
0.02 | I whose centrifugal term models the
I vortex core.
I
1
0.01 JI .
I
I
I
0 1 1 | 1 1 1
(] 2 4 6 8 10 12 14

radius (osc. units)

Using Eqgs(9), (10), and(11) for D=2, one finds that the large quantum of circulation limit. The zeroth-order approxi-
scaled chemical potential satisfies mation for D=2 results in a shifted TF-like energy spec-
trum, whose ground-state approximation is, just as Dor
— — 1 =3, more accurate than thd—o TFA for any coupling
9 w [—, 1. 1 [FTNET, constant, most noticeably for a smaller coupling. For the
on 2 VAT Z+ 1_6|n — I 1| (17) energy of a single charge vortex located at the center of the

2\ /MZ_ Z trap, the above expressions are more accurate than the un-

4 regulatedN—o TFA in Ref. [23] for a moderately sized

. . . . . coupling constant, and slightly less accurate for a very large
e o e 2k coUping. o o zerrcer appromaton ai-=

' ' TFA, respectively, the relative errors in the first vortex state

2 energy are 0.56 anet 0.88 % forg,=1000; and 0.015 and

2 — 0, =
9 e n w= 0.012 % forg,= 100 000.
. (18

2r 2 NH 3TN T T2
wt ,U«Z_ Z VIII. CONCLUSIONS

We allow the effective dimensionality of the condensate
Solving Eq.(17) for the scaled zeroth-order chemical poten-to be a variable quantity, and we use the param@tet/x to
tial x and using the resulting wave function, Eq8) and ~ scale the GPE in arbitrary dimension, wheredepends on
(14) give a simple analytical approximation for the 2D en- the effective dimensionality of the condensate and on the

ergy, angular momentum quantum number. We have shown that
our zeroth-order §—0) limit of the Gross-Pitaevskii equa-

2m K%\ 32 tion provides a less severe approximation of the kinetic en-
E= 39, R B (19) ergy than theN—o Thomas-Fermi approximation for the

ground state, which neglects the entire kinetic energy. The
where we have already converted to regular oscillator unitszeroth-order §—0) limit is a simple approximation that, in
Equations(18) and (19) for the chemical potential and en- order to satisfy the minimum uncertainty principle, retains a
ergy per atom, respectively, are analogous to the results dinetic-energy contribution, rather than neglecting the entire
the N—o TFA for vortices given in Ref[23], which in-  kinetic energy, making it more accurate and flexible than the
cludes a kinetic-energy term associated with the fluid motiorground-stateN—o TFA. As shown in Fig. 1, our zeroth-
that is encoded in the wave function’s phase. This similarityorder approximation is more accurate than Me>o TFA
is due to the zeroth-ordef— 0 limit being a large angular for the chemical potential. This improvement is caused by
momentum limit or, in the language of hydrodynamics, athe centrifugal-like term, which brings in the kinetic energy
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needed to satisfy the minimum uncertainty principle and We have shown that the dimensional-scaling formalism is
which adds a needed outward push to the wave function. Theonducive to analysis of condensates of any dimension. We
accuracy of the zeroth-order approximation is comparable toutlined how simple, yet accurate, approximations can be
the lowest-order correction due to the boundary layer at thechieved for any effectiv®, and we demonstrated the im-
condensate surface. Improved accuracy for the ground stafffoved numerical results fdd=3. In addition to 3D BEC,
is most noticeable for a moderate number of atoms, the casfie dimensional-scaling formalism provides a useful analyti-
in which the kinetic energy is most significant. For a suffi- c3| tool in the study of BEC in lower-effective dimensional-
ciently large number of atoms with positive scattering Iength,ity. In future work, we plan to test the approximation pre-
the kinetic energy becomes small for the ground-state chemkented here on other observables and states of BEC in
cal potential, and the three approximations converge to thgimensions, and we are extending the methods presented
numerical solution of the GPE. herein toD-dimensional cylindrical coordinates, where the
The core near the origin and the presence of the angulginisotropy parameter is included explicitly for treatment of

momentum quantum numbérin the scaling parametes  axially symmetric traps with arbitrary anisotropy.
=1/k make the zeroth-orders(~0) density an especially

good starting point for studying properties of vortices. The

ground-stateN—o TFA is unable to accommodate such ACKNOWLEDGMENTS
states, but it can be extended to include vortices by introduc-
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